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We consider Novikov problem of the classification of level curves of quasiperiodic functions on the 
plane and its connection with the conductivity of two-dimensional electron gas in the presence of 
both orthogonal magnetic field and the superlattice potentials of special type. We show that the 
modulation techniques used in the recent papers on the 2D heterostructures permit to obtain the 
general quasiperiodic potentials for 2D electron gas and consider the asymptotic limit of conduc- 
tivity when t — > oo. Using the theory of quasiperiodic functions we introduce here the topological 
characteristics of such potentials observable in the conductivity. The corresponding characteristics 
are the direct analog of the "topological numbers" introduced previously in the conductivity of 
normal metals. 



PACS numbers: 02.40.-k, 05.45.-a, 72.20My 



I. INTRODUCTION. 

In the present paper we consider the modern experi- 
mental techniques of potential modulation for the two- 
dimensional electron gas and show that they permit to 
obtain the quasiperiodic potentials on the plane with dif- 
ferent numbers of quasiperiods. Then we use the topolog- 
ical results concerning the geometry of the level curves 
of such potentials (S.P.Novikov problem) to obtain the 
asymptotic (r — > oo) behavior of the conductivity phe- 
nomena in these systems. Namely, we consider the qua- 
siclassical approach, where the quasiclassical cyclotron 
orbits drift along the level curves of potential in the 
presence of magnetic field B which makes the geometry 
of such level curves important for transport phenomena. 
Our approach is based on the topological methods used 
previously (by S.P.Novikov and the author) in the the- 
ory of normal metals ( 15 i 21 i 26 ) and the quasiclassical de- 
scription of the transport phenomena in high-mobility 2D 
electron gas introduced by C.W.J.Beenakker (^tt) for the 
explanation of new oscillations in independence of con- 
ductivity found in the periodically modulated 2D elec- 
tron gas £21). 

We will consider here the cases of potentials with 3 and 
4 quasiperiods and use the set of rather deep topologi- 
cal theorems concerning S.P.Novikov problem obtained 
during the last years. Let us say here that these two 
cases are actually the only cases which were studied se- 
riously in topology and where the very nice results were 
obtained. Namely, the full classification of the non-closed 
level curves was obtained for the case of potentials with 
3 quasiperiods on the plane and it was shown (±L±L) that 
only the so-called " topologically regular" level curves ap- 
pear in the case when the non-closed level curves exist 
in the non-zero energy interval t\ < V(r) < e 2 . The cor- 
responding curves reveal the nice geometrical properties 
being bounded by the straight strips of the finite width 
in the plane and passing through them. Moreover, it can 
be shown that the mean directions of these strips always 
correspond to some topological numbers characterizing 



the potential V(r). Thus for the case of 3 quasiperiods 
these numbers can be represented as the indivisible inte- 
ger triples (mi, m 2 , m 3 ) which can be defined experimen- 
tally from the mean directions of potential level curves. 
For the case of 4 quasiperiods the corresponding num- 
bers are the 4-tuples which can again be defined from 
the mean directions of the topologically regular open 
level curves in the transport phenomena. However, in 
the last case the existence of topologically regular open 
level curves can be stated only for small perturbations of 
purely periodic potentials in R 2 (— ). 

In this paper we show that the special modulations 
of 2D electron gas give the quasiperiodic potentials on 
the plane and introduce the corresponding topological 
numbers and their connection with the modulation pic- 
tures. Let us say that the topological numbers of this 
kind were introduced already in the theory of normal 
metals (— rlj2£) where the "geometric strong magnetic 
field limit" in the galvanomagnetic phenomena was con- 
sidered. For this case only the situation with 3 quasiperi- 
ods was important and the topological numbers had the 
form of the integer triples (mi, 7712,7713). Another fea- 
ture of the situation in the normal metals is that just the 
Fermi energy level ej? is important for the asymptotic 
behavior of conductivity in the " geometric limit" . 

As we already said we will use here the "drifting or- 
bits" approximation and consider the case r — > 00 which 
corresponds to the "geometric limit" in the situation of 
2D electron gas. We consider in details the electrical con- 
ductivity tensor a lk in the asymptotic form for r — > 00 
when the strong anisotropy of a lk reveals the mean di- 
rections of topologically regular trajectories and gives the 
corresponding topological numbers. 

Let us say also that the cases of chaotic behavior of the 
potential level curves are also possible for the quasiperi- 
odic potentials V(r) £i2ii£). The asymptotic behavior of 
a lk is more complicated in this case and we will not con- 
sider it here in details. For the case of 3 quasiperiods, 
however, the generic behavior of conductivity should cor- 
respond to topologically regular situation and the chaotic 
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cases are "exclusive" unlike the cases with big numbers 
of quasiperiods. 

II. BASIC DEFINITIONS AND HISTORICAL 
NOTES. 

According to the standard definition the quasiperiodic 
function /(r), r £ R™ with N quasiperiods (N > n) is 
a restriction of a periodic function F(R), R 6 R w with 
iV linearly independent periods li, ...,ljv in the bigger 
linear space R w to some "plane" R n C 1 N . The cor- 
responding subspace R" can then be given by a linear 
system 

{any 1 + ai 2 y 2 H h a 1N y N = b\ 
aN-n^y 1 + a N -,u2iJ 2 H h a N - n ,Ny N = °N-n 

We will say that the plane R" has the maximal irra- 
tionality if it is not parallel to any vector 1 belonging to 
the lattice L generated by vectors li, . . . , In'- 

L = {pili H h pnIn , Pi, • •• ,Pn S Z} 

We will call the plane R" c R w rational if it contains 
(i.e. parallel to) exactly n linearly independent vectors 
belonging to L. 

Obviously the generic planes R" in R N have the max- 
imal irrationality. It is easy to see also that any vector 
1 e L parallel to the plane R n in the non-generic situation 
becomes a period of the function /(r) in R". The func- 
tion /(r) corresponding to the rational plane R™ C R^ is 
a n-periodic function in ordinary sense. It is easy to see 
also that the generic quasiperiodic function /(r) with N 
quasiperiods has no periods in R n for N > n. 

We are going to consider the case n — 2 such that the 
function /(r) = f(x, y) is a quasiperiodic function on the 
two-dimensional plane R 2 . Namely, we will describe here 
the important features of the global geometry of the level 
curves /(r) = const (Novikov problem) which will play 
the main role for the phenomena discussed in this paper. 

Let us say here that the Novikov problem is still 
unsolved for the case of arbitrary N > 2 and 
we are going to deal here with the cases N = 
3 and N = 4 where the new topological and 
physical results were obtained during the last years 

^„„ 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18. 19. 20. 21. 22. 23. 24. 25. 26 -j ^c- 

cording to the definition the corresponding functions /(r) 
will be the restrictions of the periodic functions in R 3 and 
R 4 on some two-dimensional planes R 2 . Let us say here 
some words about this situation. 

We will start with the very important case N = 3 
where the full classification of the curves /(r) = const 
is constructed now. This case plays extremely important 
role for the galvanomagnetic phenomena in normal met- 
als (se o 15 i 21 i 26 ) where the function /(p), p = (pi,P2,P3) 



is defined in the space of quasimomenta of the Bloch elec- 
tron in the crystal. The function /(p) is a restriction of 
the three-periodic function /(p) on the two-dimensional 
plane (orthogonal to the magnetic field) embedded in 
R 3 . The level curves of /(p) are the intersections of 
the corresponding plane LT = R 2 with the 3-periodic 
two-dimensional level surfaces of the (smooth) function 
/(p) (dispersion relation). From the physical point of 
view the level curves of the function / are the quasi- 
classical electron trajectories in the p-space in the pres- 
ence of magnetic field B. We have in this case the one- 
parametric family of planes II orthogonal to B and the 
one-parametric set of the quasiperiodic functions defined 
in the different planes. The form of trajectory in the co- 
ordinate space is defined in this case by it's form in the 
p-space keeping all the main features of global geome- 
try. For instance the projection of orbit on xy-plane in 
r-space coincides precisely with the trajectory in p-space 
rotated by ir/2. Let us also point out that only the tra- 
jectories close to the Fermi level are important for the 
case of normal metals. 

The importance of the geometry of these trajecto- 
ries for the galvanomagnetic phenomena was pointed out 
ini* 2 * 3 . (see also survey articles 4 *^) where also the first ex- 
amples of concrete two-dimensional periodic Fermi sur- 
faces in R 3 were considered. The problem of full classifi- 
cation of such trajectories was set by S.P.Novikov ir£ and 
considered later in his school (A.V.Zorich, I.A.Dynnikov, 
S.P.Tsarev). 

Let us say here that this problem is rather complicated 
already for N — 3 and required the non-trivial methods 
based on topology and dynamical systems theory to be 
solved completely. The most important breakthroughs 
in this problem were made in (— ) and (— ) where the very 
important topological theorems about the non-closed tra- 
jectories were proved. 

Based on this methods the "topological quantum char- 
acteristics" observable in the conductivity of normal met- 
als were introduced ini£. These characteristics arise from 
the geometry of the Fermi surface and have the form 
of the triples of the integer numbers connected with the 
asymptotic behavior of conductivity for B — > oo (see also 
the survey articles^ 1 ^) . For these physical phenomena 
the additional property pointed out ini 5 . and called later 
the "Topological resonance" played the important role. 
We will see here how all these properties can be revealed 
in the two-dimensional electron gas in the quasiperiodic 
potential V(r). 

Recently the full classification of the different trajecto- 
ries in this situation was finished by I.A.Dynnikov (22i2£) 
which permits to describe the total picture of the asymp- 
totic behavior of conductivity for B — > oo in normal met- 
als with arbitrary complicated dispersion relations (— ). 

The case n — 2, N — 4 was started by S.P.Novikov 
inS 3 . where the deep topological theorem analogous to the 
result ofi for this situation was proved. Let us point out 
here that the case N = 4 looks very complicated from 
topological point of view and this theorem is the only 
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FIG. 1: The level curves of the function V(r) close to the 
local minimum, the saddle-point and the local maximum of 
V(r). 



deep topological result in this case up to now. 

In this paper, however, we work with the coordinate 
space rather than with the momenta space and consider 
the quasiperiodic functions V(r) where r = (x,y) plays 
the role of the ordinary coordinate vector on the plane. 
In this situation only one plane R 2 embedded in R 3 or 
R 4 will be important. However, also the global charac- 
teristics of the total family of potentials corresponding to 
different parallel planes will arise through the action of 
the "quasiperiodic group" as we will see below. 



III. THE QUASICLASSICAL TRAJECTORIES 
AND 2D ELECTRON GAS. 

Let us introduce first the notations for the different 
level curves of potential V(r) according toAS*2iiSSiS£. We 
will assume now that the function V(r) is a Morse func- 
tion on R 2 , i.e. all the critical points of V(r) (VV(r) = 0) 
are non-degenerate (det ||9j9jV|| ^ 0). All the critical 
points of V(r) can then be just the non-degenerate local 
minima, the non-degenerate saddle points or the non- 
degenerate local maxima. The local geometry of the level 
curves close to these critical points are shown at Fig 1, 
a-c. 

Let us call now the level curves of V(r) the qua- 
siclassical drift trajectories according to our further 
considerations^ We will also put formally the arrows 
on the level curves according to the direction of drift in 
the magnetic field. 

Definition 1. We call the trajectory non-singular if it 
is not adjacent to the critical ( saddle ) point of the func- 
tion V(r). The trajectories adjacent to the critical points 
as well as the critical points themselves we call singular 
trajectories (see Fig. 1). 

Definition 2. We call the non-singular trajectory 
compact if it is closed on the plane. We call the non- 
singular trajectory open if it is unbounded in R 2 . 



FIG. 2: The singular, compact and open non-singular qua- 
siclassical trajectories. The signs " + " and " — " show the 
regions of larger and smaller values of V(r) respectively. 



The examples of singular, compact and open non- 
singular trajectories are shown on the Fig. 2, a-c. 

It is easy to see also that the singular trajectories have 
the measure zero among all the trajectories on the plane. 

The geometry of compact trajectories will not be in- 
teresting for us here since we are going to consider the 
"geometric" limit corresponding to the long lifetime be- 
tween the two scattering processes. In this limit we as- 
sume that every center of drifting cyclotron orbit belongs 
to the same trajectory for rather long time. This means 
in particular that all compact trajectories will be passed 
many times before jumping to another trajectory due to 
the scattering act. This situation corresponds precisely 
to the " geometric strong magnetic field limit" considered 
j IJ i 4 2 4 3 4 i5 J 2i 4 26 w h ere the conductivity in normal metals 
was studied. However, in our situation this geometric 
limit does not correspond to strong magnetic field limit 
as we will see below. 

Definition 3. We call the open trajectory topologically 
regular (corresponding to "topologically integrable" case) 
if it lies within the straight line of finite width in R 2 and 
passes through it from — oo to oo (see Fig. 3, a). All 
other open trajectories we will call chaotic (Fig. 3, b). 

In the simple case of periodic function V(r) (N — 2) all 
open trajectories are periodic and we have only "topolog- 
ically regular" case according to our classification. How- 
ever, in the quasiperiodic case the situation is much more 
complicated and the chaotic trajectories can exist already 
for N — 3 £i2»A£). These special trajectories can reveal 
rather complicated stochastic behavior for the general 
quasiperiodic potentials but fortunately the "generic" 
open trajectories are still topologically regular for the 
case N = 3. Let us point out that this fact was for- 
mulated first by S.P.Novikov in form of conjecture and 
plays now (together with "topological resonance") the 
crucial role for topological phenomena in normal metals 
(^*2LS&). Here we are also going to consider mainly the 
"topologically regular" situation for N — 3 and N = 4 



4 





mean square of V(x)) should be imposed in this situa- 
tion. The drift of the center of cyclotron orbit is given 
then by the equation 



b) 



FIG. 3: "Topologically regular" (a) and "chaotic" (b) level 
curves of the function V(r) in the plane K 2 . 



and we will show that the same "topological numbers" 
can be observed also for two-dimensional electron gas in 
the specific potentials (quasiperiodic superlattices) built 
by the special experimental techniques in 2-dimensional 
structures. 

Let us describe now the quasiclassical approach for the 
two-dimensional electron gas which we are going to con- 
sider. 

The quasiclassical consideration of the 2D electron 
gas in the presence of rather strong magnetic field B 
and a potential V(r) was started in^ii in connection 
with the oscillations of conductivity discovered inSl. 
The experiment in21 (D.Weiss, K.v.Klitzing, K.Ploog, 
G.Weimann) used the holographic illumination of high 
mobility AlGaAS — GaAS heterojunctions at the temper- 
atures T < A.2K. The expanded laser beam was splitten 
into two parts which gave an interference picture with 
the period a on the two-dimensional sample. The mag- 
netic field B was directed normally to the sample and the 
electron behavior was determined by the magnetic field 
and the additional periodic potential 

V(r) = V(x) , V(x + a) = V(x) 

arising after the holographic illumination. The ampli- 
tude of V(x) was much smaller than the Fermi energy 
of the system. Measuring the resistivity in the both 
directions along and perpendicular to the interference 
fringes the authors ofi£ found the magnetoresistance os- 
cillations in l/B for magnetic fields smaller than needed 
for Shubnikov-de-Haas oscillations. 

This phenomenon was explained by C.W.J.Beenakker 
in2Si from the quasiclassical consideration and called the 
" Commensurability oscillations" . According to the qua- 
siclassical approach the potential V(x) should be aver- 
aged over the quasiclassical electron cyclotron orbit with 
radius rg = mvp/e-B on the Fermi level to get the ef- 
fective averaged potential V(x,B) — Vg {x) depending 
on the magnetic field B. The condition of weakness of 
potential V(x) (eV rms / 'ep <C 1, where V rms is the root 



dt 



e 

£2 



VV^ro) x B 



(1) 



According to 0) we have the drift of the centers of 
cyclotron orbits along the level curves of Vg (r) = 
Vg (x) with the speed proportional to ||VV^ (r)|| on 
these curves. As was pointed out in^Si the drifting motion 
gives the anisotropic contribution to the conductivity in 
the plane depending on the potential Vg*{x). The cru- 
cial role for the magnetoresistance oscillations is played 
then by the strong dependence of Vg (r) on the value of 
B connected with the commensurability of the cyclotron 
radius rg (for a given Fermi energy) and the period of 
potential a. The corresponding contribution to the con- 
ductivity was thus the oscillating function of l/B due 
to the periodic commensurability 2rg = ka with some 
integer k. 

The explicit formulae for the conductivity was ob- 
tained inSi for the model potential having the form 
V(x) — V x cos2irx/a. Obviously the main features of 
this picture will also be true for many generic peri- 
odic potentials V(x). Let us also give here the refer- 
ences on the papera 28 i 29 i 31 i 36 . 38 i 39 i 41 i 42 i 43 i 44 i 45 i 46 i 48 i 51 i 54 i 55 
where different questions connected with this problem 
were considered (we are sorry for impossibility to give 
here the complete list of works on this area). 

Let us consider now the works where the situation of 
potentials V(r) modulated both in x and y directions was 
considered. The potential V(r) = V(x, y) was induced 
in this case by the two independent sets of interference 
fringes parallel to the x and y axes and the potential 
V(x, y) was the periodic function in R 2 with two periods 
given by vectors (a,0) and (0, a). 

As was found experimentally (iiiiMi) the additional 
modulation in y direction suppresses the commensura- 
bility oscillations in this case. The quasiclassical consid- 
eration of this situation was made im— where again the 
drift of electron orbits along the constant energy levels of 
potential V(x, y) was considered. Two types of the drift 
trajectories were considered inS: 

1) the "pinned orbits" (corresponding to compact en- 
ergy level curves); 

2) the "drifting orbits" (corresponding to unbounded 
energy level curves in the plane). 

As was assumed id— only the contribution of the 
"drifting orbits" was important for the commensurabil- 
ity oscillations in this case and the "pinned orbits" were 
unessential for this phenomenon. According to this as- 
sumption the suppression of the commensurability oscil- 
lations can be explained by the appearance of the " pinned 
orbits" for the potentials modulated both in x and y di- 
rections. Unlike the case of potentials modulated just in 
x direction the new condition that the compact trajec- 
tories are passed many times by the centers of cyclotron 
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orbits between two scattering acts appeared inS. This 
requirement is similar to the condition of the "geometric 
strong magnetic field limit" considered inL^ for normal 
metals. However, the limit B — > oo does not correspond 
to the geometric limit in this situation and only r — > oo 
should be considered as the geometric limit for this case. 
Easy to see also that only periodic "drifting orbits" can 
appear for purely periodic potentials V(x, y). 

Let us also point out here that the analytic dependence 
of the resistance on the value of B was also calculated in 52 
in the interesting interval for the model potentials having 
few harmonics. This dependence is more complicated 
compared with the case of ID modulated potentials but 
still reveals the effect of commensurability also in this 
situation. The mean directions of trajectories appeared 
in££ were parallel to x and y axes and to the diagonal 
y = —x in the different examples. As was also pointed 
out in^ the " drifting orbits" can exist only for potentials 
with the broken rotational symmetry which explains the 
maximal suppression of the commensurability oscillations 
for the case of equal modulation intensity in both x and 
y directions. 

In this paper we will not consider in details the in- 
dependence of conductivity for our more complicated po- 
tentials since it should reveal much more complicated 
behavior in this case. Instead we are going to consider 
the geometric properties of conductivity tensor in the 
limit t — ► oo arising from the global geometry of non- 
singular open trajectories. Namely, we will show that 
this type of potentials can be considered as the partic- 
ular case of the quasiperiodic potentials with the fixed 
number of quasiperiods and use the results obtained for 
the Novikov problem to get the " topological characteris- 
tics" of the conductivity in this case. Let us say that this 
type of "topological quantities" arise in the completely 
different way compared for example with the Hall effect 
and characterize the geometry of asymptotic of conduc- 
tivity tensor (but not its absolute values). 

We will not also put any special conditions on potential 
V(x, y) except the quasiperiodic properties. The formu- 
lated results will have the general topological form valid 
for the generic potentials V(x,y). 

Before we start the geometric consideration we want 
to say also that the holographic illumination is not the 
unique way to produce the superlattice potentials for the 
two-dimensional electron gas. Let us mention here the 
worko 32 ! 33 ! 34 ! 35 ! 37 ! 40 ! 41 ! 44 ! 47 ! 49 ! 50 where the different tech- 
niques using the biasing of the specially made metallic 
gates and the piezoelectric effect were considered. Both 
ID and 2D modulated potentials as well as more general 
periodic potentials with square and hexagonal geometry 
appeared in this situation. We want to point out that 
the quasiperiodic potentials can be made also by these 
techniques in the same way using the superposition of 
several ID modulations. Actually these techniques give 
even more possibilities to produce the potentials of dif- 
ferent types even for the quasiperiodic situation. For ex- 
ample the superposition of the general periodic potential 




FIG. 4: The level curves of /(r) close to the minimal and 
maximal values of /. 



with the generic ID modulation will give the quasiperi- 
odic potentials with 3 quasiperiods which are more gen- 
eral than made just by 3 interference pictures. Also the 
superpositions of two general periodic potentials on the 
plane will give the class of the quasiperiodic potentials 
with 4 quasiperiods more general than those which we 
will consider in details here. However, we would like for 
simplicity to restrict ourselves to the simpler pictures of 
superpositions of ID modulation pictures which give al- 
ready all the features of general behavior. We will also 
use everywhere the term "interference picture" for the 
modulation pictures. The general geometrical results will 
then be true for the other techniques also. 



IV. NOVIKOV PROBLEM AND THE 
GEOMETRIC LIMIT FOR THE CASE OF 3 
QUASIPERIODS. 

Let us come now to Novikov problem and start the 
topological consideration of the level curves of quasiperi- 
odic functions. 

We will first describe the situation for the arbitrary 
periodic potential V(x,y) with some periods li , I2 G K 2 . 
This picture is rather simple from the topological point of 
view but it is convenient to give it here just to introduce 
the notations and to show the general approach which 
we are going to use. Let us consider the generic periodic 
function /(r) on R 2 with the values belonging to some 
interval [fmin-, fmax]- We are interested in the form of 
the level curves /(r) = c where f min < c < f max . It 
is easy to see that for the values of c close to minimal 
or maximal value of / all such level curves are just the 
small closed loops bounding the small regions of lower or 
higher values of / (see Fig 4, a,b). 

It is not difficult to prove also that the extended tra- 
jectories (singular or non-singular) always exist in some 
closed connected "energy interval" fi<c<f 2 (f m in < 
h < h < fmax)- In generic situation we have /1 < f 2 
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FIG. 5: The layers of open periodic trajectories with the 
"non-trivial" opposite directions ((1,1) and (— 1, —1)) for the 
generic periodic function /(r). 



but for special functions /(r) also the case fx = fa is 
possible. This fact is actually true for any quasiperi- 
odic function and does not depend on the number of 
quasiperiods (the proof ini& given for N = 3 works actu- 
ally for any N without any change). Every non-singular 
open trajectory is periodic for the periodic function /(r) 
with the mean direction given by some integral vector 
1 = mill +m 2 h of lattice generated by periods li , I2 - We 
can see then that every non-singular open trajectory for 
periodic /(r) corresponds to "topologically regular" case. 

It is easy to see also that there can be only the finite 
number of energy levels for the periodic Morse function 
where the singular trajectories can exist. We can claim 
then that the non-singular open trajectories always exist 
in the generic case fx < fa. The opposite statement 
is also true since the non-singular open trajectories are 
stable with respect to the small change of energy level. 
The typical situation of the generic case with the layers 
of open trajectories is shown on Fig. 5. 

All the open trajectories do not intersect each other 
and have the common mean direction passing in both 
"direct" and the "opposite" way. 

The opposite non-generic case fx = fa corresponds to 
the absence of the non-singular open trajectories in the 
plane. The typical picture for fx — fa is a "singular net" 
on the level /(r) = fx = fa and the closed trajectories at 
all the other levels (Fig. 6). Let us pay here the special 
attention to the last fact to compare this situation with 
the more complicated quasiperiodic case. 

It follows also that the case fx = fa always takes place 
for potentials with any kind of rotational symmetry since 
the non-singular open trajectories can not exist in this 
situation. 

Let us give here also the references on the work^ where 
the nice quantization picture based on the topology of 
periodic quasiclassical drift trajectories in the magnetic 
field was considered. 




FIG. 6: The singular periodic net on the level f(r) = fx = fa 
for the non-generic periodic function /(r). 




FIG. 7: The schematic sketch of the three independent in- 
terference pictures on the plane with different periods and 
intensities. 



The generic periodic potentials V(r) arise in the exper- 
iments described above when the two independent inter- 
ference pictures with arbitrary directions of interference 
fringes are present at the same sample. The potential 
V(r) is a functional of the total intensity of radiation 
I(r) and has the same periodicity for any (even nonlo- 
cal) translationally invariant dependence of V(r) on the 
field For simplicity we will put the requirement 

that the functional V(r)[7] has the variational derivative 
SV(r)/SI(r') decreasing for large enough |r — r'|. We 
assume also that the functional V(r)[/] is smooth, i.e. 
gives the smooth function V(r) for any smooth distribu- 
tion I(r'). 

Let us now come to our main purpose and consider the 
potentials V(r) having the more complicated form. Let 
us have now three independent interference pictures on 
the plane with three different generic directions of fringes 
Vii r )2,V3 and periods ax,a 2l a 3 (see Fig. 7). 
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FIG. 8: The coordinates -X(r), Y(r) and Z(v) on the plane. 
The total intensity I(r) will be the sum of intensities 

J(r) =/ 1 (r)+/ 2 (r)+/ 3 (r) 

of the independent interference pictures. 

We assume that there are at least two non-coinciding 
directions (say 171,172) among the set (rji, r/2, 173). 

Let us draw three straight lines q\, qi, 03 with the 
directions 771,772, 173 and choose the "positive" and "neg- 
ative" half-planes for every line qi on the plane. Let us 
consider now three linear functions X(r), Y(r), Z(r) on 
the plane which are the distances from the point r to the 
lines qi, 92, 93 with the signs " +" or " — " depending on 
the half-plane for the corresponding line qi (Fig. 8). 

The coordinates 

R(r) = (X(r),y(r),Z(r)) 

give now the parametric representation of our plane II = 
R 2 in the 3-dimcnsional space R 3 . The total intensity 
I(r) can be considered then as the restriction to II 2 of 
the periodic function I(X,Y, Z): 

i(X,Y,Z) = h{X) + I 2 (Y)+h(Z) 

corresponding to the lattice in R 3 generated by vec- 
tors (ai,0,0), (0,a2,0), (0,0, as). The plane II 2 passes 
through the origin according to Fig. 8 (although it is not 
necessary if the lines qi, 02, 03 do not intersect at one 
point in R 2 ). 

Let us point out here that the standard inner product 
on the plane II 2 does not coincide with the product in 
R 3 in this construction (from the metric point of view 
the plane R 2 will be linearly deformed in the embedding 
R = H(x,y)). However, the inner product will not be 
important at all in our further considerations so we don't 
pay any attention to this fact. Let us just say that it's 
possible to introduce the special inner product in R 3 such 



that it's restriction on II 2 will give the standard metric 
in M 2 . Nevertheless, all the topological statements will 
be invariant under the group of all non-degenerate linear 
transformations and we will not need this construction 
at all. 

We can define now the smooth periodic functions 
V(X, Y, Z) and V"J /j f (X, Y, Z) in M 3 such that the func- 
tions V(x,y) and V^^(x,y) will be the restrictions of 
V(X,Y,Z) and V* ff (X,Y,Z) on the plane II 2 . Indeed, 
consider any point R = {X, Y, Z) e M 3 . Let us draw the 
two-dimensional plane II 2 ' through the point R parallel 
to the plane IF 2 . We have then the total intensity I'(R) 
in the plane II 2 ' defined as the restriction of I(X, Y, Z) 
on II 2 '. Let us define now the functions V(X,Y, Z) and 
Vg (X, Y, Z) at the point R as the corresponding func- 
tions defined in the plane II 2 ' passing through R using the 
functional V(r)[J] and the averaging over the cyclotron 
orbits in II 2 '. Easy to see that the functions V(X, Y, Z), 
Vg^ {X, Y, Z) are the smooth periodic functions in M 3 
with periods (ai,0,0), (0, 02, 0), (0,0,03). Obviously the 
functions V\tj2 and Vg \u 2 g ive the required potential 
V(r) and the effective potential Vg^(r) in the initial 
two-dimensional plane R 2 . 

Let us introduce now the important definition of the 
" quasiperiodic group" acting on the potentials described 
above. As we saw, our construction gives us the embed- 
ding II 2 of the initial plane R 2 in the three-dimensional 
space R 3 . At the same time we get the additional planes 
IT 2 ' in R 3 parallel to II 2 with different 7'(r), V'(r), 
Vg*'(v) corresponding to the same 1(H), V(H) and 
Vg^(R). It is easy to see that the functions I'(r), V'(r), 
Vg^'(r) correspond to the case of three interference pic- 
tures with the same mean directions of fringes and peri- 
ods (771,0!), (172,02), (*73 5 CI3) but with shifted positions 
of maxima and minima for every interference picture. 

Definition 4. We will say that all the potentials V'(r) 
(as well as Vg (r) for every given B) are related by a 
"quasiperiodic group" of transformations. 

According to the Definition 4 we define the action of a 
"quasiperiodic group" in R 2 as the parallel shifts of the 
plane II 2 in the space R 3 . The "quasiperiodic group" 
is then the 3-parametric Abelian group isomorphic to 3- 
dimensional torus T 3 = R 3 /L 

L = mi(ai,0,0) + 012(0, a 2 ,0) +m 3 (0, 0,a 3 ) 

(TOi,m 2 ,m 3 ) e I? 

containing the (non-compact) algebraic subgroup of or- 
dinary translations in R 2 . 

As we will see below, this definition will be very conve- 
nient in the consideration of open trajectories for poten- 
tials of this type in R 2 . Namely, we will see that all the 
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FIG. 9: The periodic picture formed by two sets of parallel 
interference fringes with common directions 771, 772 and the 
added third set with direction 773. 



R 2 if some nontrivial integer linear combination 

miUi+m 2 u 2 , (mi,m 2 ) G Z 2 /(0,0) 

of periods ui, u 2 leaves invariant also the third interfer- 
ence picture corresponding to pair (773, 0,3). 

The corresponding condition for miUi+m 2 u 2 can then 
be written in the form 

(toiUi + m 2 u 2 , £ 3 ) = ka 3 , k G Z (2) 

where £3 is a unit vector orthogonal to T73 in the plane. 

The equation J5J) has no nontrivial solutions in the 
generic situation and can be satisfied only for special 773 
and 03. It's not difficult to show that for purely ratio- 
nal potentials V(r) (two linearly independent solutions 
of J5J) the direction J73 should also correspond to the in- 
teger vector in the lattice V generated by vectors ui, 
u 2 : 



global properties of open trajectories will be the same for 
all potentials related by the "quasiperiodic group" in the 
case of generic (771, eti), (772, a 2 ), (773, a 3 ). In other words, 
for the generic (771, ax), (772, a 2 ), (773, 03) the global geom- 
etry of open trajectories will not depend on the positions 
of minima and maxima of the interference pictures and 
will be defined just by the set (771,01), (772,02)1 (^73, 03) 
and the intensities Ji, 7 2 , J3 (although the potentials 
V(r), Vg ^(r) will be different in these cases). Let us 
say, however, that this property can be broken for the 
special (771, ai), (772, a 2 ), (773, 03) corresponding to purely 
rational directions of II 2 in R 3 . 

According to the previous definition we will say that 
the quasiperiodic potential has irrationality 3 or maximal 
irrationality if it has no periods in K 2 . We will say that 
the potential V(r) has irrationality 2 if it has only one (up 
to the integer multiplier) period in R 2 . We will say that 
the potential V(r) has irrationality 1 if it has two linearly 
independent periods in R 2 S As can be easily seen the 
last case corresponds to the purely periodic potentials 
V(r). It is easy to see also that the potentials V(r) of 
irrationality 3, 2 and 1 correspond to the cases when the 
plane II 2 contains no vectors belonging to L, just one (up 
to the integer multiplier) vector belonging to L and two 
linearly independent vectors belonging to L respectively. 
Obviously all the potentials related by the " quasiperiodic 
group" have the same irrationality in the plane. 

Let us discuss now briefly the connection of irrational- 
ity with the directions and periods of interference pic- 
tures in our situation. 

We assume as previously that there are at least two 
different directions of the interference fringes in our pic- 
ture. The picture given by the two corresponding sets 
of interference fringes is purely periodic in R 2 with the 
periods Ui , u 2 parallel to 771 and T7 2 respectively (see Fig. 
9). 

We can see then that the total picture has a period in 



L' = {miUi + m 2 u 2 , (mi,m 2 ) 



G Z 2 } 



We can put for this case 773 ~ miUi + m 2 u 2 for some 
integer mi , m 2 . Also the corresponding period 0,3 should 
satisfy to the special condition in this situation. If we 
introduce the angles #i 2 , #13 between the directions 771, 
772 and 771, 773, < 0i2 < 7r/2, < i3 < ir (Fig. 9) we 
can get the relations for $13 and 03 which define all the 
pairs (773, 03) corresponding to purely rational potentials 
V(r): 



tg 9i3 



m^aisin fi 2 
mia 2 — m 2 aicos 0i2 



£30,3 sin Q\2 = k\a\ sin{6v2 + $13) + fc 2 fl2 sin t 



(3) 



(4) 



where mi, m,2, k\, k%, &3 G Z, (mi, 7712) ^ (0,0), 

(fci.te) ± (0,0), k 3 ^0. 

For the case of just one period (irrationality 2) we can 
have either the condition © for 0i3 (" rational" direction 
of 773) but with 03 not satisfying to Q or the condition 
for 0,3 but with 0i3 not satisfying to 10. 

Easy to see that both cases of irrationality 1 and 2 
have the measure zero among all potentials constructed 
by three arbitrary interference pictures. 

As we already said above the case of irrationality 1 cor- 
responds to the purely periodic potentials V(x,y). Let 
us however make here some remark. Namely, for arbi- 
trary periodic potential V(x, y) the corresponding peri- 
ods li, I2 can be much bigger than the values of a\, ai-, 03- 
We can conclude then that even the " topologically regu- 
lar" periodic open trajectories can have rather nontrivial 
structure on the rather long distances since the period 
of trajectory is very big. The width of the straight line 
containing the periodic trajectory can be also compatible 
with periods of V(x,y) in this case being quite big with 
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respect to the periods of modulations a%, 02, 03. Also 
the rational mean direction of the periodic trajectories 
can have "rather big denominator" such that this ratio- 
nality will not play an essential role in the real picture. 
Instead, the typical features observable in generic situa- 
tion of irrationality 3 will appear on the distances smaller 
than the periods |li|, II2I of potential V(x,y). According 
to this remark we can actually try to consider the po- 
tentials of irrationality 1 or 2 as the generic potentials of 
irrationality 3 if the periods of these potentials are rather 
big. The special features connected with rationality can 
then be revealed only for very big values of r such that 
the free motion length is much larger than |li|, | | - 

Let us formulate now (in our language) the first the- 
orem about the open trajectories for the quasiperiodic 
potentials V(r) and Vg ^(r) with 3 quasiperiods corre- 
sponding to the first theorem on the Novikov problem 
proved ml: 

Theorem 1. Consider the purely periodic potential 
y(°)(r) (or (r)) generated by three independent 

interference pictures with some parameters (r)^\a^), 
(r/2°\ a^), (V^^f^) satisfying to J3J), Then for 

all the potentials V(r) (and Vg (r)) with parameters 
{rji,ai), (172,02), (?73,a3) close enough to { r qf\a { ^ ) ), 
(r]^\ ) , ( r ?3°\ a 3°' ) ) oil the open non-singular electron 
trajectories will correspond to topologically regular case 
only. 

Using the same methods as ml it is possible to prove 
also that Theorem 1 will be true also for small variations 
of the intensities ^i(r), ^2(1"), -^3( r ) of the laser beams 
and the form of the functional V(r)[J]. 

Let us say here that Theorem 1 makes rather strong 
statement about the generic potentials close to periodic 
ones. However, the corresponding "stability zones" for 
parameters (771,772,773,01,02,03) (and 7i, J 2 , h) depend 

on the initial values of (f7i°\ <4° ), (77^, <4 ), ( r l3 > \ a 3 > ^) 
and become very small for the large values of periods 
I X x I , II2I of the initial potential. Due to this reason The- 
orem 1 can not say anything about arbitrary potential 
V(r) (with 3 quasiperiods) since we can have the situa- 
tion when it does not belong to any stability zone corre- 
sponding to any rational potential V^(r). Nevertheless, 
this theorem is very important and we will see also that 
only the result of this type can be formulated for more 
complicated case of potentials with 4 quasiperiods. 

Let us discuss now the general situation of arbi- 
trary potentials V(r) with 3 quasiperiods. We will 
start first with the generic situation of potentials of ir- 
rationality 3 and then discuss the additional features 
which can arise in the cases of irrationality 1 and 2. 
Let us make here the reference on the survey articled 
where the final theorems in the most complete form 
were formulated. The development of this problem and 
the considerations of physical phenomena can be found 
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say also that all the results inSS and in all previous pa- 
pers were formulated in another language using the 3- 
dimensional topology terminology. We will not discuss 
here the topological questions in details and just claim 
that the following statements can be derived from the 
topological theorems formulated ir*2£. 

Theorem 2. Let us fix the value of B and con- 
sider the generic quasiperiodic potential Vg (r) ( of irra- 
tionality 3) taking the values in some interval e m i n (B) < 
V° ff {r) < e max (B). Then: 

1 ) Open quasiclassical trajectories Vg^ (r) = c always 
exist either in the connected energy interval 

ei(S) < c< e 2 {B) 

(ernin(B) < 6i(B) < e 2 (B) < e max (B)) or just at one 
energy value c = 6q(B) (i.e. ei(B) = 62(B) = eo(B)). 

2) For the case of the finite interval (ei(B) < 62(B)) 
all the non-singular open trajectories correspond to topo- 
logically regular case, i. e. lie in the straight strips of the 
finite width (Fig. 3, a) and pass through them. All the 
strips have the same mean directions for all the energy 
levels c 6 [ei(.B), 62(B)] such that all the open trajectories 
are in average parallel to each other for all values of c. 

3) The values 61(B), 62(B) or 6q(B) are the same 
for all the potentials of irrationality 3 connected by the 
"quasiperiodic group". 

4) For the case of the finite energy interval (e±(B) < 
(2(B) ) all the non-singular open trajectories also have the 
same mean direction for all the potentials ( of irrationality 
3) connected by the "quasiperiodic group". 

We can see from the Theorem 2 that the "topolog- 
ically integrable" situation is typical also for the case 
of quasiperiodic functions with 3 quasiperiods being 
connected with the generic case 61(B) < 62(B). Let 
us say also that for the case of just one energy level 
(ei(B) — 62(B) = 6 (B)) containing the open trajecto- 
ries both the topologically regular and "chaotic" behavior 
of open trajectories are possible (seei&). This situation 
can be compared with the situation of purely periodic 
potentials where the non-singular periodic open trajec- 
tories always appear in the case of finite energy interval 
(ei(B) > 62(B)) but only the periodic "singular nets" are 
possible for the case 61(B) = 62(B) = e (B). As we see 
here the quasiperiodic potentials give another possibility 
in the last case. 

Let us consider now the asymptotic behavior of con- 
ductivity in the case of topologically regular open tra- 
jectories when t — ► 00. According to previous papers 
(■30^45^52-^ we will divide here the conductivity tensor in 
two parts a k (B) and Aa lk (B) corresponding to the con- 
ductivity without any potential V(r) and an additional 
contribution due to potential V(r). We have then: 
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a z k (B) = a l k (B) + Aa lk (B) 

In the approximation of the drifting cyclotron orbits 
the parts a k (B) and Aa lk (B) can be interpreted as 
caused respectively by the (infinitesimally small) differ- 
ence in the electron distribution function on the same 
cyclotron orbit (weak angular dependence) and the (in- 
finitesimally small) difference in the occupation of dif- 
ferent trajectories by the centers of cyclotron orbits at 
different points of R 2 (on the same energy level) as the 
linear response to the (infinitesimally) small external field 
E. The asymptotic r — > oo of both parts a l k (B) and 
Aa lk (B) can then be written from the same arguments 
used ini 2 ^ with some additional remarks specific for this 
situation. We will just say here that the first part a Q k (B) 
has the standard asymptotic form: 

for ujbt ^ 1 due to the weak angular dependence (~ 
1 /ujbt) of the distribution function on the same cyclotron 
orbit. We have then that the corresponding longitudinal 
conductivity decreases for r — > oo in all the directions in 
K 2 and the corresponding condition is just u>bt 3> 1 in 
this case. 

For the part Aa lk (B) the limit r — > oo should, how- 
ever, be considered as the condition that every trajectory 
is passed for rather long time by the drifting cyclotron 
orbits to reveal its global geometry. Thus another param- 
eter t/tq where r is the characteristic time of completion 
of close trajectories should be used in this case and we 
should put the condition t/tq 3> 1 to have the asymp- 
totic regime for Aa (B). In this situation the difference 
between the open and closed trajectories plays the main 
role and the asymptotic behavior of conductivity can be 
calculated in the form analogous to that used ini 2 ^ for 
the case of normal metals. Namely: 

Ao*(i?) ~ ( ^ ( T °l\i) 

in the case of closed trajectories and 

v ; m e tf \ t /t (to/t) 2 J 

(* ~ 1) for the case of open topologically regular trajec- 
tories if the x-axis coincides with the mean direction of 
trajectories. 

We can see then that only the contribution of open 
orbits to Aa ik (B) remains in (longitudinal) conductiv- 
ity for t — ■+ oo. Let us say that these formulae give just 
the asymptotic form of conductivity for r — ► oo. In the 
more precise form they should include also the multipli- 
ers proportional to the parts of the phase volume filled 



by the closed and open trajectories and the appropriate 
definition oim e ^ in this situation. We will not, however, 
consider this part in details since we will need only the 
anisotropy of the tensor a %k in the "geometric limit". 

The condition t/tq 3> 1 is much stronger then wgr> 
1 in the situation described above just according to the 
definition of the slow drift of the cyclotron orbits. We can 
keep then just this condition in our further considerations 
and assume that the main part of conductivity is given by 
Aa lk (B) in this limit. Easy to see also that the magnetic 
field B should not be "very strong" in this case. 

According to the remarks above we can write now the 
main part of the conductivity tensor a lk (B) in the limit 
r — > oo for the case of topologically regular open orbits. 
Let us take the x axis along the mean direction of open 
orbits and take the j/-axis orthogonal to x. The asymp- 
totic form of a lk , i,k = 1,2 can then be written as: 

ik ne 2 r / * tq/t \ , n 

°" 77 i i \2 , t /t -> (5) 

m eff \ tq/t (r /r) 2 J u/ w 

where * is some value of order of 1 (constant as tq/t — > 
0). 

The asymptotic form of a %k makes possible the experi- 
mental observation of the mean direction of topologically 
regular open trajectories if the value t/tq is rather big. 

Let us introduce here the "topological numbers" char- 
acterizing the regular open trajectories introduced first 
inlk for the case of normal metals. We will give the topo- 
logical definition of these numbers using the action of the 
" quasiperiodic group" on the quasiperiodic potentials. 
Let us assume for simplicity that the potential Vg (r) 
is generic and has irrationality 3. We assume that we 
have the "topologically integrable" situation where the 
topologically regular open trajectories exist in some fi- 
nite energy interval £i{B) < c < 62(B). According to 
Theorem 2 the values ei(B), 62(B) and the mean direc- 
tions of open trajectories are the same for all the poten- 
tials constructed from our potential with the aid of the 
" quasiperiodic group" . It follows also from the topologi- 
cal picture that all the topologically regular trajectories 
are absolutely stable under the action of the " quasiperi- 
odic group" (for the case of irrationality 3) and can just 
"crawl" in the plane for the continuous action of such 
transformations. 

Let us make now the following transformation: 

We take the first interference picture ((771,01)) and 
shift continuously the interference fringes in the direc- 
tion of gradX(r) (orthogonal to 771) to the distance a\ 
keeping two other interference pictures unchanged. Easy 
to see that we will have at the end the same potentials 
V(x, y) and ( x > y) due to the periodicity of the first 
interference picture with period a\. Let us fix now some 
energy level c 6 (e\(B) , e 2 (B)) and look at the evolution 
of non-singular open trajectories (for Vg ^ (x,y)) while 
making our transformation. We know that we should 
have the parallel open trajectories in the plane at every 
time and the initial picture should coincide with the final 
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that the vectors {gradX(r)/ai, gradY(r)/a,2} give the 
dual basis to the basis {u2,Ui} and the mean direction 
of open orbits can be defined from the linear equation 



mi X(r)/ ai + m 2 Y{r)/a 2 = 

on the plane. 

It can be proved that the similar situation also takes 
place for the topologically regular open trajectories in the 
case of quasiperiodic potentials V^(r). Let us omit here 
the detailed consideration of the topological picture and 
just say that the common direction of open trajectories 
in R 2 is defined completely by the triple (1711,1712,1713). 
Let us formulate here the corresponding statement: 



FIG. 10: The shift of "topologically regular" trajectories by 
a continuous transformation generated by the special path in 
the "quasiperiodic group". 



according to the construction. The form of trajectories 
can change during the process but their mean direction 
will be the same according to Theorem 

We can claim then that every open trajectory will be 
"shifted" to another open trajectory of the same picture 
by our continuous transformation. It's not difficult to 
prove that all the trajectories will then be shifted by the 
same number of positions n\ (positive or negative) which 
depends on the potential V^^ (x,y) (Fig. 10). 

The number n\ is always even since all the trajectories 
appear by pairs with the opposite drift directions. 

Let us now do the same with the second and the third 
sets of the interference fringes and get an integer triple 
(ni, 712, n 3 ) which is a topological characteristic of poten- 
tial Vg (x,y) (the "positive" direction of the numera- 
tion of trajectories should be the same for all these trans- 
formations) . 

The triple (n\, 712, n 3 ) (defined up to the common sign) 
can be represented as: 



(n 1 ,n 2 ,n 3 ) = M (m 1 ,m 2 ,m 3 ) 

where M€2 and (mi, m%, 7713) is the indivisible integer 
triple. Both M and (711,1,1712,1713) have the topological 
meaning connected with the number of connected com- 
ponents carrying open trajectories in R 3 and the homo- 
logical class of every component in T 3 = M 3 / L up to the 
sign. 

Let us mention that for periodic potentials V(x,y) 
made just by two interference pictures with common di- 
rections rji , r}2 the corresponding transformations are ac- 
tually equivalent to the shifts along the periods 112 and Ui 
respectively (Fig. 9). It is not difficult to see that the cor- 
responding numbers (1711,1712) are equal then (up to the 
common sign) to (—11,12) where is the indivisible 

integer mean direction of periodic open trajectories in the 
lattice L' generated by vectors {ui, 112}. Easy to see also 



Theorem 3. Consider the functions 



X'(v) = X(r)/ ai , Y'(v) = Y(r)/a 2 , Z'(r) = Z(r)/a 3 



m \ 



The mean direction of the regular open trajectories 



is given by the linear equation: 



miX'(x, y) + m 2 Y'(x, y) + m 3 Z'(x, y) = (6) 

where (mi,m2,m 3 ) is the indivisible integer triple intro- 
duced above. 



The triples (ui\ , ui2 , m 3 ) coincide precisely with the 
" Topological Quantum Numbers" introduced ini^ for the 
conductivity in normal metals. Let us say that the condi- 
tion © determines completely the numbers (mi, m2,m 3 ) 
(from the mean direction of open trajectories) for poten- 
tials of irrationality 3. This fact permits to extract the 
values of (mi,m2,m 3 ) from the direct conductivity ob- 
servations using the anisotropy of tensor a lk (B). (The 
formula is also true for the case of so-called "stable" 
open trajectories for potentials of irrationality 1 and 2 
(see below). The triple (mi, 7712,7713) generally speaking 
may not be defined uniquely from the mean directions 
of open trajectories in these cases and the arguments 
based on quasiperiodic group play then the main role in 
the definition of (mi,m2,m 3 ). However, it can be mea- 
sured from the direct conductivity observations also in 
these cases due to the stability of these numbers with re- 
spect to the small change of parameters (rji, ai), (772, 02), 
(Vs,a 3 ).) 

The very important property of the integer triples 
(7711,7712,7713) is their stability with respect to the 
small variations of all the parameters 771, 772, 773, 01, 
a 2, a 3 , Ii, I2, I3 and even of the form of depen- 
dence V(r)[7]. This means that the space of param- 
eters (771,772,773,01,02,03,71,12,73) where the situation 
£2(5) > ei(B) for the energy interval containing the 
open trajectories takes place can be divided into different 
" stability zones" r a where the relations © are valid for 



generic Vg^(r) with the same values of ( 



mr , mo , ma 
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Let us emphasize here that the mean directions of open 
trajectories are different for the different values of pa- 
rameters even within the same stability zone F Q and the 
equation © gives the fixed relation of these directions 
with the directions and periods of the interference fringes 
for a given stability zone. 

The zones T a form an everywhere dense set in the to- 
tal space of parameters and in general we can have an 
infinite number of zones parameterized by the numbers 
(m", m2 , 7713 )• The triples (m™, , m.3 ) form some sub- 
set of all possible integer triples (mi,m2, 7713) (defined up 
to the common sign) and give an important topological 
characteristic of the potentials Vg^ (r) made by 3 in- 
terference pictures. The sizes of zones T a decrease for 
the big numbers (m^m^m^) and the total set {ur Q } 
give a rather complicated subset in the space of parame- 
ters (771, 772, 773, a%, a,2, 03, I\,l2, h). Let us say also that 
the topologically regular open trajectories are also stable 
with respect to any variation of potential Vg (r) small 
enough which makes possible to observe them also for 
slightly imperfect quasiperiodic potentials V(r). 

Before starting with special possibilities for the pe- 
riodic (irrationality 1) or "partly periodic" (irrational- 
ity 2) potentials we will say here some words about 
the "chaotic" behavior of open trajectories possible in 
the case £\(B) = e%{B) = cq(B). Let us say that 
for e%(B) = 62(B) both the situations of topologi- 
cally regular and chaotic behavior of open trajectories 
are possible in the quasiperiodic case. The first sit- 
uation always takes place when the corresponding set 
(m> ^2, *73,ai, 02,03,11,12,^3) belongs to the boundary 
of some stability zone T a in the space of parameters. In 
this case all the non-singular open trajectories are topo- 
logically regular and correspond to the same numbers 
(m" , 77I2 , frig ) . Another situation arises when the set 
(Vii V2, ^?3, 0,1, a,2, Q.3, I\, I2, 13) is an accumulation point 
for the zones r Q but does not belong to the boundary 
of any T a . In this situation much more complicated 
chaotic behavior of open orbits appear at the energy 
level Vq*(y) — eo(B). Obviously the "chaotic" behav- 
ior can be possible only for potentials of irrationality 2 
or 3. Let us say also that the cases of irrationality 2 
(Tsarev chaotic behavior) and 3 (Dynnikov chaotic be- 
havior) demonstrate completely different types of chaotic 
behavior in this situation. 

The first example of chaotic open trajectory was con- 
structed by S.P.Tsarev for the case of irrationality 
2. The corresponding chaotic trajectory, however, has 
an asymptotic direction but can not be bounded by any 
straight strip of the finite width in K 2 . As was later 
proved by I. A. Dynnikov (— ) this situation always takes 
place for chaotic trajectories in the case of irrationality 
2. The asymptotic behavior of conductivity tensor re- 
veals also the strong anisotropy for large r in this situa- 
tion with slightly different from JSJ dependence on r for 

T — > OO. 

The more complicated chaotic trajectories were con- 
structed by I. A. Dynnikov (— ) for the case of irrational- 



ity 3 (the approximate form of such kind of trajectories 
is shown on Fig. 3, b). The trajectories of this second 
kind don't have any asymptotic direction in R 2 "walk- 
ing everywhere" in the plane. The form of conductiv- 
ity tensor for this type of trajectories was suggested in2£ 
and is more complicated then JSJ. We will not discuss 
here all the details and just say that the conductivity 
decreases in this case in all directions for r — > 00 as 
some non-integer powers of Let us also add here 
that all the chaotic trajectories are completely unsta- 
ble with respect to the small variations of parameters 
, ^72 , ?73 , o\ , 02 , 03 , I\ , I2 , 13 ) (but remain chaotic with 
the "same geometric properties" under the action of the 
" quasiperiodic group" ) . 

Let us discuss also the B-dependence of tensor a lk (B) 
for the limit r — > 00. The value of B belongs here to some 
interval B\ < B < B2 such that both the drifting orbits 
approximation and the condition t/tq 3> 1 (as well the 
absence of quantum oscillations) are true. The effective 
potential Vg (r) is a function of B in this case and the 
geometry of trajectories depends on B through the po- 
tential Vg (r). Let us just say here that it can be also 
proved using topological considerations that the topolog- 
ically regular open orbits are also "locally stable" with 
respect to the small variations of B. However, for rather 
big changes of value of B it's possible to have "jumps" 
in this picture and get different mean directions of open 
trajectories (as well as the chaotic cases) in the different 
parts of the interval \B\,B2\. Let us add also that the 
structure of independence can be rather complicated in 
this case containing the infinite number of small subin- 
tervals with very big numbers (toi, m<2, Tti-&) as well as the 
chaotic cases. 

Actually, all the theorems 1-3 can be reformulated in 
the same form if we add the parameter B to parame- 
ters 771, 772, 773, a\, a,2, 03, I\, I2, I3 introduced above. 
The probability of "jumps" will then increase for the 
small stability zones T a corresponding to big numbers 
(TOi,m 2 ,m 3 ) and the Independence of a lk (B) will de- 
pend strongly on the part of the phase space. The chaotic 
trajectories will be completely unstable with respect to 
any small variations of B. 

In the same way we can consider the " stability zones" 
r^ x * in the extended space of parameters including the 
value of the magnetic field B. The total set {UL^f*} will 
have then the analogous structure containing in general 
the infinite number of zones and triples (mi , m,2, ITI3) 
being everywhere dense in the total set of parameters. 

Let us formulate now the general conjecture of 
S.P.Novikov about the chaotic cases for potentials with 
3 quasiperiods. In our situation we will assume that po- 
tentials are parameterized by parameters 

(m7*72,J73,ai,a2,a 3 ,/i, /2,i3) 

or 

(r)i,il2,r)3, a u a 2,a3,Ii,l2,h,B) 
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FIG. 11: The arising and the disappearance of the periodic 
trajectories under the action of the "quasiperiodic group" for 
potentials of irrationality 2 or 1. 



and maybe some additional parameters characterizing 
the functional V(r)[7]. 

Novikov conjecture. The set of parameters corre- 
sponding to the chaotic behavior of open orbits has mea- 
sure zero in the total space of parameters. 

Let us point out that Novikov conjecture was strictly 
proved in the important case when only the quasiclassical 
trajectories belonging to some fixed energy level are taken 
into account (— ). This is precisely the situation arising 
in the conductivity in normal metals where only the tra- 
jectories close to the Fermi surface are important. The 
more general situation was also investigated numerically 
(2k) for the case of the special analytic dispersion rela- 
tions where the Novikov conjecture was also confirmed. 
However, the general proof of Novikov conjecture for ar- 
bitrary set of parameters is still unknown. 

We will point out now some additional possibilities 
which can arise in the non-generic case of potentials of 
irrationality 1 or 2 (see — for detailed mathematical con- 
siderations). 

Let us start with the case of irrationality 2 when only 
one period 1 (up to the integer multiplier) exists in R 2 . 
All the parts (l)-(4) of Theorem 2 are also true for poten- 
tials of irrationality 2. We need, however, to make one re- 
mark about the situation when the mean direction of the 
" topologically regular" open trajectories coincides with 
the period 1 of potential. Easy to see that the open tra- 
jectories are actually periodic in M 2 in this case with the 
same period 1. In this situation some "additional pairs" 
of periodic open trajectories can arise and disappear un- 
der the action of the " quasiperiodic group" . These pairs 
arise from the periodic sets of closed trajectories under 
the changing of positions of interference fringes (with the 
same (rji, 772, 773, ai, 02, 03)) and disappear in the same 
way (Fig. 11). 

The trajectories of this kind are unstable with 
respect to the small variations of parameters 
(Wi, V2, "Hz, oil a,2, 03) and will be destroyed after 



any small variation which does not conserve the period 1 
of potential. These trajectories always present for all the 
potentials of irrationality 2 connected by the " quasiperi- 
odic group" (on the same energy levels) if they exist at 
least for one of them. However, these trajectories can 
"jump" over the two-dimensional plane R 2 disappearing 
in one place and arising in the other under the action 
of group transformations. We can call these trajectories 
"partly stable" (or also "jumping") in contrary to the 
absolutely stable ("crawling") trajectories described 
above. It can be proved also that the phase volume 
corresponding to both stable and "jumping" open 
trajectories is also the same for potentials connected by 
the quasiperiodic group in this situation. 

The triple of the integer numbers (711,712,713) can be 
defined here in the same way as in the case of irrational- 
ity 3 but these additional pairs of trajectories should be 
completely ignored when the action of the "quasiperi- 
odic group" is considered. The motion of stable open 
orbits (which always exist in this situation) gives then 
the same topological numbers M and (7711,7712,7773) as 
for close generic potentials. 

All the trajectories still have the same mean direc- 
tion in this situation and the asymptotic form JSJ for 
t — ► 00 is also true in this case. The formula (JSJ) is also 
valid for the directions of open trajectories with the same 
(7771,7772,7773). At the end we mention that the situation 
described above can arise only if the mean directions of 
stable open orbits coincide with the period 1 of potential 
Vg^(r) and is absent if it is not so. As we also men- 
tioned already the chaotic behavior is also possible for 
potentials of irrationality 2 but it is always simpler than 
for the irrationality 3 potentials. 

Let us now say some words about the purely peri- 
odic potentials (irrationality 1) which can also appear 
for special (771, r\2, 773, ax, 02, 03). As we already said all 
the open trajectories are purely periodic in this case 
and only "topologically integrable" situation is possible. 
We also mentioned already that the extended trajecto- 
ries can exist here either in the continuous energy in- 
terval ei(-B) < c < £2(5) or just at one energy level 
c = eo (B) (periodic singular nets). All the values ei(-B), 
62(B), eo(B), however, are not necessarily invariant here 
with respect to the "quasiperiodic group" action and 
can be different for different potentials connected by the 
"quasiperiodic group" transformations. Also the mean 
directions of open orbits can be different for two poten- 
tials belonging to the same orbit of the "quasiperiodic 
group" . 

We have then that unlike the cases of irrationality 3 or 
2 the positions of interference minima and maxima can 
be important here for the conductivity behavior and the 
parameters (771,01), (772,0,2), (113,0,3) do not determine 
the picture completely. It can be proved, however, that 
the change of the mean directions of open orbits is possi- 
ble only if the case of "periodic singular net" takes place 
at least for one (actually at least for two) of potentials 
belonging to the same orbit of the " quasiperiodic group" . 
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FIG. 12: The potential with 4 quasiperiods made by 4 inde- 
pendent sets of interference fringes with directions 771 , 772 , 773 , 
774 and periods 01, 02, 03, «4- 

We can assume then that this situation takes place only 
if the periodic potential is prepared specially to have this 
property and it does not take place for potentials with 
rather big periods li, I2 appeared "by chance" in the 
modulation picture. Thus we can assume that the peri- 
odic potentials with rather big li, I2 arising "by chance" 
can be considered actually as the generic potentials on 
the physical level of strictness and do not give any spe- 
cial features. 



V. NOVIKOV PROBLEM FOR THE CASE OF 
POTENTIALS WITH 4 QUASIPERIODS. 

Let us consider now more complicated case when N = 
4 and we have the potential made by 4 independent in- 
terference pictures (Fig. 12). 

The situation in this case is more complicated than 
in the case N — 3 and no general classification of open 
trajectories exists at the time. We will present here the 
theorem of S.P.Noviko\j22 which gives the statement anal- 
ogous to Zorich theorem (Theorem 1) in this situation. 

Like in the previous case we define here the embedding 
of the plane R 2 in the four-dimensional space R 4 using 
the functions X(r), Y(r), Z(r), W(r) defined in the same 
way for four interference pictures. We will need also the 
functions X'(r), Y'(r), Z'(r), W'(r) denned as 

X'(r) = X(r)/ ai , Y'(r) = Y(r)/a 2 , 

Z'(r) = Z(r)/a 3 , W'(r) = PF(r)/o 4 

(in the same way as previously for the case N = 3). 

The "total intensity function" /(R), R 6 R 4 is denned 
here as 



J(R) = h(X) + I 2 {Y) + h{Z) + I 4 (W) 

and is a periodic function with periods (ai, 0,0,0), 
(0,a 2 ,0,0), (0,0,03,0), (0,0,0,04) in R 4 . The "big po- 
tentials" V(R) and Vg (R) are also defined for every 
point R 6 R 4 through the functional V"(R)[I] and the 
averaging over the cyclotron orbits in the plane II 2 ' 6 R 4 
passing through the point R and parallel to the initial 
plane II 2 . Easy to see again that the functions V(R), 
Vg* (R) are the smooth 4-periodic functions in R 4 and 
the potentials V(r), Vg (r) are the restrictions of V(R) 
and Vg (R) on the plane II 2 embedded in R 4 . We can 
define again the action of the " quasiperiodic group" on 
the potentials V(r), Vg^(r) which is now isomorphic to 
the four-dimensional torus T 4 = R 4 /L where L is an in- 
teger lattice generated by vectors (ai, 0, 0, 0), (0, 02, 0, 0), 
(0, 0, 03, 0), (0, 0, 0, 04). Let us mention also that the ac- 
tion of this group can be defined here in the same way 
as the shifts of positions of minima and maxima of the 
interference fringes keeping the same the directions 771, 
*72, ^3, »74 and periods a%, a 2 , a 3 , a 4 . 

Again the statement that the open trajectories always 
exist either on the connected energy interval ei(-B) < c < 
62(B) or just at one energy level eo(-B) for any Vg*(r) 
is true for the case of 4 quasiperiods. It can be also 
proved that the values of e%(B), 62(B) or £q(B) are the 
same for generic potentials belonging to the same orbit of 
the "quasiperiodic group". Moreover, the global behav- 
ior of open trajectories is also the same in this case for 
all such potentials and the asymptotic behavior of con- 
ductivity (which is apriori unknown here for the general 
case) does not depend on the positions of maxima and 
minima for the fixed generic (771,01), (772,02), (773,03), 
(774,04). This properties, however, can be destroyed for 
the specially made periodic potentials V(r) like in the 
case of 3 quasiperiods. 

Let us consider now the purely periodic potential V(r) 
formed now by four interference pictures. We assume 
again that at least two (say 771, 772) directions of inter- 
ference fringes are not parallel to each other and give a 
double-periodic picture in the plane like in the case of 
potentials with 3 quasiperiods. Let us introduce the an- 
gles (9i2, #13, 6*i 4 ) between the directions 771 and 772, 773, 
774 in the same way as in the case of three interference 
pictures. From the requirement of periodicity we then 
will have the same requirements ©-Q f° r the angles 
#13, #14 and the periods 03, 04 with some integer num- 
bers m'i, m 2 , k[, k' 2 , k' 3 (for #13 and 03) and m", m 2 ', k'{, 
k'2, k 3 (for #14 and 04). Easy to prove that these condi- 
tions are also sufficient for the periodicity of the resulting 
potential V(r). 

Theorem of Novikov permits to formulate here the fol- 
lowing property of the potentials Vg (r) close enough 
to purely periodic potentials: 

Theorem 4. Consider the purely periodic potential 
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Vg (r) built by four interference pictures with the di- 
rections and periods (Vi \ a i )> (W21 a 2 )> ( r l3*\ a 3 > ^)> 
(r/4^ , ) . Then there exists such small region T of pa- 
rameters rjx, r)2, r) 3 , r) A , a 1; a 2 , a 3 , a 4 , h, I 2 , h, h 
containing the initial potential V B °^ e ^ (r) that for all the 
generic potentials (r) corresponding to the point of 
r the following statements are true: 

1 ) All the non-singular open trajectories lie in the 
straight strips of finite width and pass through them. 

2) All the regular trajectories have the mean direction 
in K 2 given by the equation 

miX'(r) + m 2 Y'(r) + m 3 Z'(r) + m 4 W'(r) = 

with some integer (indivisible) A-tuple (mi, m 2 , rn 3 , 777,4) 
which is the same for all the (generic) points of "stability 
zone" r. 

3) The mean direction of open trajectories are the 
same for generic potentials belonging to the same orbit 
of " quasiperiodic group". 

Using Novikov theorem it's possible to prove also that 
the 4-tuples (mi, m 2 , 7773, 7714) can be also defined through 
the action of "quasiperiodic group" in the same way as 
in the case of 3 quasiperiods. 

The asymptotic behavior of conductivity tensor a %k is 
also the same in this case by the same reasons and the 
mean directions of the open trajectories (and the integer 
4-tuples (toi, to 2 , TO3, 7714)) can be measured experimen- 
tally. 

According to Novikov theorem the regions with " topo- 
logically regular" behavior can be found in any (arbitrar- 
ily small) open region of parameters rji, r] 2 , 773, 774, a\, 
a 2 , 03, 04, Ii, I 2 , I3, I4 and B. However, unlike the case 
N = 3 there is no theorem here restricting the existence 
of "chaotic" trajectories only to the case of just one en- 
ergy level (ei — e 2 — eo) containing open trajectories. As 
we also mentioned already, the case TV = 4 is much more 
complicated from topological point of view and there is 
no general classification of open trajectories in this case 
at the time. It is not clear also if the topologically reg- 



ular behavior corresponds here to the generic situation 
or not and the probability to find the chaotic behavior is 
unknown for this situation. 

Let us now make some more general remark about 
the Novikov problem in connection with 2D potentials 
V(r). As can be seen, the potentials V(r) with rather 
many quasiperiods can be considered also as an interest- 
ing model of random potentials on the plane. This model 
is rather different from the standard models of random 
potentials but still can have common features with them 
for big N when the chaotic behavior of the open trajec- 
tories appears. However, there is no strict theorems now 
which could connect Novikov problem with the problems 
of random potentials on the plane. 

VI. CONCLUSION. 

We considered the special type of superlattices mod- 
ulations giving the quasiperiodic potentials V(r) and 
Vg^(r) on the plane. For this type of potentials we con- 
sidered the "geometric limit" (r — > 00) of conductivity in 
the presence of magnetic field based on the global geom- 
etry of the level curves of Vg^(r). The main attention 
was paid to the so-called "topologically regular" behavior 
of non-singular open level curves for the cases of poten- 
tials with 3 and 4 quasiperiods. It was shown that it 
is possible to introduce the "topological numbers" char- 
acterizing the asymptotic behavior of o~ lk similar to the 
numbers introduced previously in the theory of normal 
metals. For the case of 3 quasiperiods it was possible 
to give also the description of structure of space of pa- 
rameters giving potentials Vg * (r) according to the topo- 
logical type of their non-singular open level curves. For 
the case of 4 quasiperiods only the part of the space of 
parameters corresponding to potentials close to "purely 
rational" was considered. It was shown that the corre- 
sponding "topological numbers" having the form of the 
integer 4-tuples can be also introduced in this case. 

The author is grateful to Prof. S.P.Novikov for many 
fruitful discussions on this problem. The author is also 
grateful to Prof. LA. Larkin who brought the articles on 
2D electron gas to his attention for the interest to this 
work and advice. 
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